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Abstract 

We find all differential equations of the form 



; MJ2 ai(x)y {i) (x) + (1 - x 2 )y"(x) - 2(a + l)xy'{x) + n(n + 2a + l)y{x) = 0, 

i=0 

where the coefficients {cii(x)}^ 1 are independent of n and clq(x) := ao(n,a) is 
independent of x, satisfied by the symmetric generalized ultraspherical polynomi- 
43- als \P^ a ' M > M (x)\ which are orthogonal on the interval [—1,1] with respect to 

■ I J n=0 

the weight function 

r ( 2 " + 2 ) (l - x 2 ) a + M [<5(x + 1) + 5(x - 1)] , 

2 2q + 1 {I> + 1)} 2 V ) LV ; v ;J ' 

> . 

t^. , where a > — 1 and M > 0. 

In order to find explicit formulas for the coefficients of these differential equa- 
qq ■ tions we have to solve systems of equations of the form 

O 

£ Mx)D*Pt' a) (x) = F n (x), n = 1, 2, 3, . . . 

where the coefficients {Ai(x)} c *! =1 are independent of n. This system of equations 
^ . has a unique solution given by 

This is a consequence of the inversion formula 

A 2a + 2k + 1 
^. (2a + k + j + l)i- j+1 X 

x ^ ( _^- 1 ,^-i) (x)p (cy^i) (x) = fiir ■ < - ^- = o, 1,2, ... . 
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1 Introduction 

Let a > — 1. In [U we found all differential equations of the form 

oo 

MY,ai(x)y (i \x) + (l-x 2 )y"{x) - 2(a + l)xy'(x) + n(n + 2a + l)y(x) = 0, (1) 

i=0 

where the coefficients {aj(x)}^ are continuous functions on the real line and {ai(x)} c *L 1 
are independent of n, satisfied by the symmetric generalized ultraspherical polynomials 

^pa, a ,M,M(^ y° defined by 

pa,a,M,M^ = Co P^ a \x) - C lX DP^ a \x), n = 0,1,2, ... , 

d 

where D = — denotes the differentiation operator and 
ax 

■ 2M» /» + *»+ i\^/ B + a»+iy 

a+1 \ n J \ n-1 J 

2M (n + 2a\ 2M 2 (n + 2a\ fn + 2a + l\ 
1 ~ 2a + 1 V n ) + a + l\ n-l )\ n )' 

The case 2a + 1 = must be understood by continuity. These polynomials form a 
special case (f3 — a and N = M) of the generalized Jacobi polynomials ^Pg>P> M > N (x)\ 
introduced by T.H. Koornwinder in 

In p[ we gave a proof of the Jacobi inversion formula. The special case (3 = a of this 
inversion formula reads 

* 2a + 2k + 1 

(2a + k + j + l)i- j+1 X 

I' l: f.r)/f y" 1 -!,-) 5 ih j<i, i.j 0.1.2 (2) 

Again, the case 2a + 1 = must be understood by continuity. If we apply this inversion 
formula to the system of equations 

oo 

J2A(x)D l P^ a \x) = F n (x), n = 1,2,3,..., (3) 

i=l 

where the coefficients {A^)}^ are independent of n, then we find 

A(x) =T± , 9 \ +2 |+ 1 /-J' ; L : i.rj/-}U-). < = 1, 2, 3, . . . . (4) 
Pi (2a + 3 + 

This will be used to find all differential equations of the form ([I]), where the coeffi- 
cients {a,i(x)} c *L 1 are independent of n and a (x) := a (n,a) is independent of x. 
We will also need the formula 

' 2a + 2k + 1 

— : — : — - — x 







^. (2a + k + j + l) w+a 



x/^' ' ' " ' l: (-r)/f.; ; -" ;; (.r! y- i < i, U = 0, 1, 2, . . . , (5) 



which is also proved in . The case 2a + 1 = must be understood by continuity again. 

In this paper we will give the main results. For more details the reader is referred 
to the report B where complete proofs are given. 



2 The classical ultraspherical polynomials 

In this section we list the definitions and some properties of the classical ultraspherical 
polynomials which we will use in this paper. For details the reader is referred to [|TJ , || , 
H and the report @. 

The classical ultraspherical polynomials |P^ a,a ^(x)| can be defined by 

n) = t ^^^jr i^) 1 , » = 0,1,2,... (6) 

for all a. For all n 6 {0, 1,2,...} we have 

D'P^ix) = {U + 2 ° + ^ P£f > a+i \x),i = 0,1,2,..., n. (9) 
The ultraspherical polynomials satisfy the symmetry formula 

P^ a \-x) = {-l) n P^ a \x), n = 0,1,2,... (10) 
and the linear second order differential equation 

(1 - x 2 )y"(x) - 2(q + l)xy'(^) + n (™ + 2a + l)y(x) = 0. (11) 

Further we list some formulas involving ultraspherical polynomials which we will 
need in this paper. For details the reader is referred to the report [Q]. First of all we 
have 

2 x DP^ a \x) = 2nP^ a \x) + (n + Q)# Q+1) (i), 71 = 2,3,4,.... (12) 
Further we have (see for instance ||) 

(n + 2a + l)(n + 2a + 2)p( a+1 > a+1 \x) -(n + a)(n + a + l)P^+ 1,a+1) (x) 

= 2(n + a + l)(2n + 2a + l)P^ a \x), 71 = 2,3,4,.... (13) 

Finally we will need the formula 

(a + l)P<? +1 > a+1 \x) -(n + a+ l)P^ a \x) = ±(n + a + 1)(1 - x 2 )?if ' a+2) (i), (14) 
which also holds for n = 2,3,4, .. .. 
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3 The computation of the coefficients 

Let a > — 1. In |] we found the coefficients {cii{x)}°l of the differential equation ([!]) 
for the symmetric generalized ultraspherical polynomials |P"' Q,M ' M (x)| . In order 
to do this we had to solve the following two systems of equations for the coefficients 
R(z)}^ : 

jta^&P^ix) = 2^(^ + n 2a ) D2p n a ' a) ( x ) ( 15 ) 

and 

00 00 ( n A- In A-W 

^iai{x)D i P^ a \x)+xY / a i {x)D i+1 P^ a \x)=A[ _^ )D 2 P^ a \x) (16) 



i=0 i=0 



for n — 0, 1, 2, . . ., where the coefficients {aj(x)}°^ are continuous functions on the real 
line and are independent of n. Now we suppose that a (x) := a (n,a) is 

independent of x as we did in ||. Then it is clear (see for instance lemma 1 in ||) that 

di(x) must be a polynomial in x of degree at most i for each i — 1, 2, 3, In we 

showed that the solution for {flj(x)}^ is not unique. In fact it was shown that 

ao(x) := ao(n, a) = ao(l, ct)bo(n, a) + co(n, a), n = 0, 1, 2, . . . (17) 

and that 

a»(x) = oo(l, Oi)bi{x) + q(x), i = 1, 2, 3, . . . , (18) 
where ao(l,a) is arbitrary and 

6o(n,a) = i[l-(-l) n ], n = 0,1,2,..., (19) 
cb(n, a) = 4(2a + 3) + 2 j, n = 0, 1, 2, . . . , (20) 

= ^j-(-x)*, 1 = 1,2,3,..., (21) 

Cl (x)=0 and c i (x) = (2a + 3)(l-x 2 )^P l i ^ l+3 ' a ~ l+3 \x), i = 2,3,4,.... (22) 
In this paper we will give an alternative proof of this by using the inversion formula 

(!)• 

By considering flT5| ) and flTE|) for n = and n = 1 we conclude that a (0,a) = 0, 
a (l, a) is arbitrary and Oi(x) = — ao(l, a) x - For n = 2, 3, 4, ... it turns out to be more 
convenient to use another system of equations instead of ([16|) . By using (|l^) we find for 
z = 0,l,2,... 

iD i P^ a \x)+xD i+l P^ a \x) = D i [xDP^ a \x) 
= nD l P^ a \x) + \{n + a)D l PtX^ +l \x), n = 2,3,4,.... 
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Combining fll5|) and (|16|) we now obtain 



8 (n + 2a s 



X 



i=0 



n + a\ n — 2 



D 2 P^ a \x), n = 2,3,4,.... (23) 



So we conclude that ( |i~6l) for ti = 2,3,4, .. . may be replaced by (|23|). Note that for 
n = 2 this implies that ao(2, a) = 4(2a + 3). 

Since a,i(x) must be a polynomial in x of degree at most i for each z = 1,2, 3,... we 
may write 

cii(x) = kiX % + lower order terms , i = 1,2,3,.... 
By comparing the coefficients of highest degree in (|i~5|) and (^3|) we find by using (|6|) : 

a Q (n,a) + A 



n — % n 



0, n = 1,2,3,... 



and 



k. 



a (n,a) " 2 

(n-2)! + ^(n-7-2)! 



4(2n + 2a- 1) 



'n + 2a\ 1 



n-2 / (n-2)! 



n = 3, 4, 5, 



Since ki is independent of n for z = 1, 2, 3, . . . and a (2, a) = 4(2a + 3) we conclude that 



a (n + 2, a) — a (n, a) = 4(2n + 2a + 3) 



'n + 2a + 2 N 



71=0,1,2,..., (24) 



where a (0, a) = and a (l, a) is arbitrary. Hence 



n— 1 / ^2^. _i_ -}- 2\ 

a (2n,a) - a (0,a) = 4^ J (4fc + 2a + 3), n = 1,2,3, 

fc=0 V 2fc / 



and 



a (2n + 1, a) — a (l, a) = 4 V] 

fc=0 



" _1 7 2A; + 2a + 3 N 
2k + 1 , 



(4£; + 2a + 5), n = 1,2,3, .... 



Note that we have 
(2n + 2a + 3) 



n + 2a + 2 N 
n 



(2a + 3) 



n + 2a + 4\ /n + 2a + 2 N 



n 



n-2 



, 72 = 0,1,2,.... 



Hence, by using the telescoping property of the sums we find that 



g f2k 2n : 2" 

k=0 V 



2A; 



(4fc + 2a + 3) = {2a + 3) 



and 



g /^Jfc + 2a + 3 N 



fc=0 



2A: + 1 



(4fc + 2a + 5) = (2a + 3) 



'2n + 2a + 2 N 
v 2n - 2 , 



'2n + 2a + V 
, 2n - 1 , 



, n = 1,2,3, . . . 



72 = 1,2,3, 



So we conclude that (0), fll|) and © hold. 
The systems of equations flTS] ) and lead to 

J_fn + 2a\ ^ _ aM p ta)[ 



2a + 1 V n / 



(25) 



8 / n + 2a N 



n + a\ n — 2 



D 2 P^ Q )(x) -a (n,«)PS 1 ' Q+1) (x) (26) 



for n = 0, 1, 2, . . . and 

oo 
i=l 

for n = 2,3,4, .... 

First we remark that ( p5|) is true for n = and n = 1 since ao(0,a) = and 
ai(x) = — a (l,a)x. Then we will show that every solution of (|26|) also satisfies (p5j). 
Suppose that {(^(x)}^ is a solution of ([Z6]). Now we use (|S|), (|T3J) , Q2"4| ) and the fact 
that {^(x)}^ are independent of n to obtain for n — 2, 3, 4, . . . (see @ for more details) 

oo 

2(n + a + l)(2n + 2a + l)^a;(x)I7P£*' a) (x) 

i=l 

oo 

= (n + 2a + l)(n + 2a + 2)^a i (x)P i P,[ a+1 ' a+1) (x) + 



i=l 



- (n + a)(n + a + l)^a i (x)P i P, 



j p(a+l,Q+l) 



ra-2 



x 



(n + 2a + l)(n + 2a + 2) x 

8 (n + 2a + 2 



x 



n + a + 2 \ 
— (n + a)(n + a + 1) x 

8 (n + 2a 
n + a \ n — 2 



D 2 P [ n£\x) - a (n + 2, a)p( Q+1 ' a+1 )(x) 



+ 



\D 2 Pl a > a \x)-a (n,a)PX 



(a+l,a+l) 



x 



2( n + a + l)(n + 2a + l)(n + 2a + 2) ^ + 2 " + 2 j P,fe 2 ' a+2) (x) + 

-8(r i + a + l)^ + _ 2 2 a )D 2 P^)(a;) + 

- 2(n + a + l)(2ra + 2a + l)a (n, a)P^' a) (x) 

4 /n + 2a' 
2a + 1 1 n 



2(n + a + l)(2n + 2a + l) 



P 2 Pi^(x)-a (n,a)P^ 



x 



Since a > — 1 this proves that every solution of (|26| ) also satisfies (p5|). 

Now we will solve (|26|) . Shifting n by two we may write, since the coefficients 
{^(x)}^ are independent of n 



£ a,(x)D i P,( Q+1 ' Q+1 ) (x) = P n (x), n = 0, 1, 2, . . . , 



(27) 



where 



PJx) 



n + 2a + 2 N 



n + a + 2 



^i+f^) - + 2, a)P^ +1 ' Q+1 )(x). 



Since o (2, a) = 4(2a + 3) we easily find that F (x) = 0. This implies that the system of 
equations (^) is of the form (^). So if we apply the inversion formula (Q) to the system 
of equations (|27| ) we obtain by using (|) 

2a + 2j + 3 T,t-*-i-2,-<*-i-2) {x)F . {xl i = 1)2j3j .. 



^(2a + j + 3) m 



Hence, by using ( |PTD we conclude that the coefficients {aj(x)}^ 1 can be written in the 
form flT8|) . Moreover, we find by using ([H]), (fTCf) and fl5|) 



2a + 2j + 3 



a— i— 2,— a— t— 2) / \ 



- 1 



2^E 



2a + 2j + 3 (_ a _j_2 | - a — i-2) ^ p (a+l,Q!+l) 



^ (2« + J + 3) m ^ 



x)P/ 



-x + 



j=0 



2a + 2j + 3 ( _ a - 
(2a + j + 3) m 



i = 1,2,3 



5 *-*J " " " ? 



which proves fl2T|). And by using fl20|) and (|]) we obtain 

= ^T^^^'^^W^W- < = 1,2,3,. . 



^ (2« + j + 3)*+! 



where 



4(2a + 3) /j + 2a + 4 N 
J + « + 2 I J , 



a + 2)P ( j a+2 ' a+2 \x)-(j + a + 2)P! j 



(a+l.a+l). 



X 



It is clear that G\(x) = 0, which implies that C\(x) = 0. Note that since b\{x) = —x 
this also implies that a\(x) = — ao(l, a)x, which agrees with what we have found before. 
Now we use ([L4]) to find 



Gj(x) = (2a + 3)(l -x 2 ) 



2 ^fj + 2a + A\ ( a+3 ,a+3) 



T_T^\x), j = 2, 3, 4, 



Hence, for z = 2, 3, 4 ... we have 
q(x) = (2a + 3)(l -x 2 )2 i x 

i 

X §(2a + i + 3) i+1 
Now it remains to show that 



2a + 2j + 3 + 2a + 4\ (_ a _j_ 2 _ Q -i-2) , s p o+3,a+3) 



X). 



2a + 2j + 3 f j + 2a + 4^ (_ a _ i _ 2> _ a _ i _2) / ,^ p ( Q+3ia+3 ) 



^ (2a + j + 3)i+! 



(x)P 



i-2 



^ p(o— i+3,a— i+3) 

z! 



(x), z = 2,3,4,.... 



(28) 



In order to do this we write for % = 2, 3, 4, . . . 



2a + 2j + 3 + 2a + 4^ 



^(2a + j + 3) m 



(-a-i-2,-a-i-2)^^p(a+3,a+3)^ 



i-2 



pl-a-«-i,-a-j-ij/ \ p ( 
r i-k-2 \ x ) r k 



E 2a + 2fc + 7 (2a + 5)fc +2 p (-a-t-2,-a-i-2) / x p (a+3,a+3), 
fe=0 (2a + fc + 5) i+ i (A; + 2)! 



Now we apply definition (Q) to Pjf* +3 ' a+3 \x) and definition (0) to P/_^_ 2 2 ' tt * (#) 
and change the order of summation to obtain for i — 2, 3, 4, . . . (see @) 



2a + 2fc + 7 (2a + 5)jfe + 2 p (_ a _i_2,- a -i-2)/ N p (a+3,a+3)/ \ 



E 



(2a + fc + 5) m (fc + 2)! 

t-jfe-2 



fc=0 

i-2 i-fc-2 k 

E E E(-ir 

fe=0 m=0 n=0 

(2a + 2fc + 7) (2a + 5) fc+n+2 (a + n + 4)< — m— ri— 2 



X 



X 



x — 1 



2 

x - iy 



m+n 



(2a + fc + 5)i_ m+ i(A; + 2)! m! (z - k - m - 2)\ n\ (k - n)\ 

V f f _iy-n (2a + 5) n (a + 71 + 4)^,2 

^ ^o J (2a + 2n + 7) i _ i _ 1 (n + 2)!(j-n)!(z-j-2)!n! 

^ 2 (-z + j + 2) fc (2a + n + 5) fc (2a + 2n + 7), 

X > ; r— ; — 2« + 2n + 2k + 7) . 

^ {2a + 2n + i-j + 6) k {n + 3) k k\ 1 ; 
In we proved that for i — j — 2 £ {0, 1,2,.. .} we have 

E 2 H V' + 2)fc(2a + n + 5 ^ 2a + ^ + 7)fc (2a + 2n + 2. + 7) 
fc t^ (2a + 2n + i- j + 6) fc (n + 3) fc fc! v ; 

_ (2a + 2n + 7)^ J _i(-a - l)^_- ? -_ 2 
(n + 3) i _ j _ 2 (a + n + 4) i _ j _ 2 

See p| for much more details. By using this, the well-known Vandermonde summation 
formula and definition (0) we finally obtain for 2 = 2,3,4,... 



(-a-i-2,-a-i-2) / s p^(a+3,a+3) / s 



^ 2a + 2fc + 7 (2a + 5) fc+2 
£f (2a + fc + 5) i+1 (fc + 2)! 

V V f iy-n (2a + 5) n (-a-l) i - J -- 2 
jToi J (n + i-j)\(j-n)\(i-j-2)\n\\ 2 



x - IV 



i-2 



:-irE 



(-a-l)i-j-2 fx-1 



t(i-j)\(i-j-2)\j\ 



-j, 2a + 5 
* - 3 + 1 



-1)' ^ (-a - l)i_f_2(i — j — 2a — 4)^ fx - 1 



z! 



E 



3=0 
i-2 i-2 



E 



(i-j-2)\j\ 
[i -j - 2a- 4)j (-a - l)^_ i _ 2 - i y _ l_ p(a 



i=o 



(z-i-2)! 



i-2 



-i+3,a— i+3) 



which proves (EH). 
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4 Some remarks 

By using definition (|]) we may write 



i-2 



P, 



a + 1 \ /a + 1 



i-2 



fc=0 



A — 2 — k, 



k 



i = 2,3,4, 



By using ( p2| ) this implies that for nonnegative integer values of a we have Cj(x) = for 
all i > 2a + 4 and 



C2a+4(x) = {2a + 3)(1 - x 2 ) 



2 2 " +4 p( - a -i,- a -i) M _ 4(2a + 3) ^ _ ^ Q+2 
(2a + 4)! 2a+2 W ~ (2a + 4)! 



^0. 



Hence, for nonnegative integer values of a the polynomials |P" ,ct ' M,M (a:)| satisfy a 
differential equation of the form 



2a+4 



M Yj Ci{x)y {i) {x) + (1 - x 2 )y"(x) - 2(a + l)xy'(x) + n(n + 2a + l)y(z) = 0, 



t=0 



which is of finite order 2a + 4 if M > 0. Moreover, in [|J it was shown that for M > the 
differential equation given by (|l|) has finite order if and only if we choose ao(l,a) = 
and if a is a nonnegative integer. 

Finally, we remark that if we apply the inversion formula (0) to the system of equa- 
tions (]25|) instead of ( ^6|) we find for z = 1, 2, 3, . . . that 



U.(~\ _ oi-l V 2a + 2j + 1 (-g-i-i -g-i-i) , v p (a,q) / s 



-IV - 1 



(29) 



and 



^ (2a + j + l) m 



.(30) 



From (p9"D we easily obtain (|2T| ) in the same way as before by using ([H]), (0) and (|). 
Further we easily find from (|30|) that ci(a;) = 0, but we were not able to derive (|22"D for 
i = 2,3,4,... from (BUI). 
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